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Let us consider the following 2-player game, called van der Waerden game. The players
alternately pick previously unpicked integers of the interval {1, 2, ..., N}. The first player wins
if he has selected all members of an n-term arithmetic progression. Let W™*(xn) be the least
integer N so that the flrst player has a winning strategy.

By the Ramsey game on k-tuples we shall mean a 2-player game where the players alternately
pick previously unpicked elements of the complete k-uniform hypergraph of N vertices K%, and
the first player wins if he has selected all k-tuples of an n-set. Let R (#) be the least integer N so
that the first player has a winning strategy.

We prove (W*(m)/»+2, R} (m<(2+ey* and RE(m<2""™ for k=3,

1. Introduction

The finite form of van der Waerden’s well-known theorem states that, for
each positive integer n, there exists a smallest integer W (#) with the property that if
the integers from 1 to W(n) are arbitrarily partitioned into two classes, then at
least one class contains an arithmetic progression of a terms.

In connection with van der Waerden’s theorem let us consider the following
2-player game, called van der Waerden game. The players alternately pick pre-
viously unpicked integers of the interval {l, 2, ..., N} and the first player wins once
he has chosen all members of an arithmetic progression of »n terms. Otherwise
the second player wins. Let W*(n) be the least integer N such that the first player
has a winning strategy, that is, the first player can in any case cover an arithmetic
progression of n terms in the interval {1,2, ..., W*(n)}.

The best lower bound on W(x) known, due to Berlekamp [4], Erdés and
Lovasz (unpublished), asserts that W(p)=p2P if p is a prime and W(n)>c2" for
all n. However, the best upper bound on W(n) known at present is extremely poor,
e.g. the following question is unsolved: is there an integer k such that W(n)<
<exp, n for each n, where exp, n denotes the k-fold iterated exp of n. Therefore
it 1s somewhat surprising that we can determine the true order of magnitude of
W*(n), namely we shall prove

(LD 2= < W () < pd2nt

AMS (1980) subject classification: 05 A 05



104 JOZSEF BECK

Secondly consider Ramsey’s theorem on triples. Let K§ be the family of all
triples of elements of an N-element set N. Let Ry(xn) be the least integer N so that
if we divide K? into two classes then at least one of them contains all triples of
some n-clement subset of N.

By Ramsey game on iriples we shall mean a 2-player game where the
players alternately pick previously unpicked elements of Ky, and the first player
wins if he has selected all triples of some n-element subset of N. Otherwise the
second player wins. Let Rj (n) be the least integer N so that the first player has a
winning strategy, that is, the first player can in any case select all triples of some
n-element subset.

The best estimates known for the Ramsey function R;(n) are the following [8]:

2})2,’6 - R3(n) - 2247:—10

and there is a large gap between the upper and lower bounds. We conjecture, but
cannot prove that the true order of magnitude of R} (r) is about 2¢*, We shall prove,
however, that

(1.2 208 < Ry (n) < n2wl6,

Here the lower bound is trivial from a theorem of Erdds and Selfridge [9].

The van der Waerden games and the Ramsey games on triples are particular
cases of the following general concept, introduced by Berge [2].

First we need some terminology. A hypergraph is a collection of sets. This
paper deals with finite hypergraphs only. The sets in the hypergraph are called
edges, and the elements of these edges are points (vertices). The hypergraph is
r-uniform if every edge has r points. The hypergraph is said to be almost disjoint
if any two edges have at most one point in common. Let |H| denote the number
of elements of H.

Let us consider a game played by two players on a hypergraph # such that
the players alternately pick previously unpicked points of & The game is called
a positional game of first type if the first player wins whenever he picks all points of
some AEF, otherwise the second player is the winner.

Berge has also defined positional games of second type. In such a game that
player wins who picks all points of some A¢# first; if all points are occupied
then the game is a tie. The traditional Tick-Tack-Toe game gives an example where
the first player has a winning strategy in the positional game of first type, but the
second player has a drawing strategy in the positional game of second type. (Tick-Tack-
Toe is played on a 33 array of points in the plane, see [11].)

We shall investigate positional games of first type only. Let G(#) denote
the positional game of first type on the hypergraph #.

The following general results are known [9], [1]:

Theorem A. If & is an r-uniform hypergraph and |F| <21, then the second player
has a winning strategy in G(F).

Theorem B. If # is an almost disjoint r-uniform hypergraph and |# i<4"cv: (cis
an absolute constant), then the second player has a winning strategy in G(F).
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In fact, it has been proved in [9] and also in [1] that under these assumptions
the second player has a drawing strategy in the positional game of second type, but
the proofs give these stronger theorems without any modification.

The upper bounds in (1.1) and (1.2) are immediate consequence of the follow-
ing theorem.

Let S(#) denote the set of points of #. Let 4, ,,(¥) denote the number
of edges of # containing x,; and x,€ S(F), and let d,(#) denote the maximum of
Aoy, %, (F) for all pairs xq, X, (X;7X).

Theorem 1. Let F be an r-uniform hypergraph. If
|F] = 273dy(F)S(F)],
then the first player has a winning strategy in G(%).

It seems hopeless to prove a similar theorem on positional games of second type. In
this case we know only of the following sufficient condition (see [2]):

(1.3) if the chromatic number of & is at least 3 then the first player has a winning
strategy in the positional game of second type on F.

Remark that (1.3) easily follows from the well-known Zermelo—von Neumann
theorem. Unfortunately, (1.3) is very inconvenient for the most part of applications.

Theorem 2.

VW*(n) —2.
We mention that Theorem A immediately implies lim inf ¥ W*(n)=}2. The lower

bound lim inf Y W*(n)=2 could be obtained directly from Theorem B if the
family of arithmetic progressions of length n were almost disjoint. Unfortunately
this family is not almost disjoint, however, in some sense it is “nearly”” almost
disjoint. This observation will be basic in the proof. Now we define the
Ramsey game on k-tuples for k=2 as follows. Let K% be the complete k-uniform
hypergraph on an N-element set N, and the players alternately pick previously un-
picked elements of KJ. The first player wins if he can choose every k-tuples of
some n-element subset of N, or else the second player wins. Let R; (1) be the least
N so that the first player has a winning strategy in this game.

Theorem 3.
(1.4 27 < R¥(n) < 2+9),
(1.5) 2 < Ry <t 12® for k=3

Here the lower bounds are trivial consequences of Theorem A (see [9]). The proof
of the upper bound in (1.4) is a combination of the standard “ramification method”
and the “weight function” method. The upper bound in (L.5) follows from
Theorem 1.

Finally we mention that several particular ciasses of the positional games of
first type have been investigated in the literature, e.g. “Bridge it (Shannon switch-
ing game) in [12], [7], [5], [6], “Match it” in [3], Hex in [10], etc.
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2. Proof of Theorem 1

We shall use the “weight function” method. Suppose that the first and the
second player have picked the points x,, ..., x; and y;, ..., y;, respectively. Now
we define the hypergraph. &; as follows: throw away the edges of # blocked by
the points y;, ya, ..., »; and from the remaining edges throw away the points
X1 Xoy ...y X3, 1.€. let

Fo={AN\{x1, ..., x}: AEF and ANy, ..., y:} = 0O}

We give each edge B of #; the value 2~ 2!, Give each point x of & the value ¢;(x)
which is the sum of the values of each edge of &; it belongs to.

Here is the winning strategy of the first player: in the i+ I-st move pick a
point of largest value.

In order to prove that this is indeed a winning strategy, we show that the
sum ¢; of the values of all edges of #; is positive for every i. To show this assertion
we require the following inequality

.
(2.1 Qis1 = q’i—dzgf)-

For verifying (2.1) observe that on the first player’s i+ 1-st move he doubles the
value of each edge containing the point picked, i.e. he adds ¢;(x;,,) to ¢;. After
the i+ I-st move of the second player the sum ¢;,, of the values of all sets of #,,,
15 equal to

{oit+oi(xir D)} —0:(is ) — ¥

where
i= 2> 2-1B1,
BeF {x; 1,y 41JCB
- d‘) '19‘-
It is easy to see that ;= (%) therefore

4 >
@i Z {0+ 0, )} =0 (Vi) ¥ =

d.(F
=Y = (,Dg—z—g—),

since @,;(x;;,,) was a maximum. From (2.1) follows

d,(F Ldy(F
D= Qi1 — ~(4 )E(Po_lZT)-

On the other hand,

_ IF N C
Po= 5 and = 5
so we have
=
i Lo

which was to be proved. |}
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3. Universal winning strategies

Let & be a hypergraph and m be a natural number, we define a 2-player
combinatorial game G(%, m) as follows. The players alternately pick previously
unpicked points of S(#) (we remind that S(#) denotes the set of points of %)
and the first player wins if he picked m points of some 4¢# and up to that time
the second player has picked no point of 4. Otherwise the second player wins.

We need also the following generalization of the game G(#F,m). Let
S1= S,2... be a decreasing sequence of the subsets of S(#) and the new rules are
that the second player in his i-th move and the first player in his i+ 1-st move are
obliged to pick an unpicked point of S;, i.e. {y; x;.,}CS;, i=1,2, .... The first
wins, similarly as before, if he picked m points of some 4€% and up to that time
the second has picked no point of 4. Otherwise the second wins. Denote
this game by G(Z, {S;}, m).

We call a function f=f(F): 25X2°X25~S (where S=S(¥)) a uni-
versal strategy for the second player on (#, S(F))if for each decreasing sequence
{S:} (S(fi)g 512523---)1

Vi :f(Si’ {xla s xi}: {5’15 yi—l})€Si\{xls s Xis V1o ners yi—l}

Si\\{xls vees Xis Vig ooy yi—l} #= Q

if

Here x;, x,, ... denote the first player’s points, and 25 denotes the family of sub-
sets of S.

Lemma 1. The second plaver has a universal strategy fi=fi(F) on (F,S(F)),
such that if |#|<2""' and Ei}; |4|z=m, then the choices
Y ‘:f;.(Sfi {X], AR X;}, {)”19 ""}.i—l})
guarantee for him the win in all possible games G(F, {S:};, m}.
Observe that Lemma 1 is a generalization of Theorem A.

Proof. Our argument will be a slight modification of the Erdds-Selfridge proof
(see [9]). Suppose that the first and the second player previously picked x,, ..., X;
and yi, ..., yi_;, respectively, and we wish to choose a good point y;£S; for the
second. We define &, as follows:

Fr={AN\{x1, ..., x}: ACF and AN{yy, ..., yi1} = 0}.

For every A€ let g;(A)=c=if AN{yy, ..., yi_1}#0 and (D) =m—|AN{xy, ..., x;}|
if AN{yy, ..., ¥1}=0. Give each point x€ S(#) the value ¢;(x)= > 2-&

xcAes
and let ¢;= 2 2-ed4),
ACF

Here is the desired universal strategy: in the i-th move pick from
SNA%1, .oy X4, Y1, ..o, Y1} @ point of largest value. We claim

3.1 Piv1 = @5
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Indeed, observe that @u1=¢;—@i(y)+¢i(xi11)=¢;, since {y, x; 11} S; and
(@; ) was a maximum in S;. (3.1) yields ¢;=¢, for all i, By definition ¢,=
=|#|2-m*1 therefore, if |#|<2m"1 then we get ¢;<1 for all i. Now assume in
contrary that |#|<2m~! and the first player can win in the game G(Z, {S.};, m).
Then there exists 4*¢# such that for an appropriate i A*c {x,, ..., x;}, therefore
by the hypothesis of the lemma ¢;=2/xy--xINA¥-m=2l4*|-m=1_ 4 contradiction.
So Lemma 1 is proved. ||

Corollary. The second player has a strategy fo=fo(F):25X25~>S (where S=S(F))
such that, if |F|<2""! and Irinéig |A|=m, then the choices y,=fo({xs; ..., X;},

{91, ..., ¥i_1}) guarantee for him the win in G(F, m).
Proof. Let S(F)=8,=9,=... and apply Lemma 1. |

We shall find useful to consider a further generalization of the concept of positional
games of first type.

We say that # is a truncated subsystem of & if each edge of s is contained
in one of the edges of &.

Consider a hypergraph & and an increasing sequence #,E #,S ... of
truncated subsystems of & . We define a 2-player combinatorial game G(#, {5#;};, m)
as follows: The players in their i-th move pick previously unpicked points of
S(s#,) for i=1,2, ..., and the first player wins if he has picked = points of some
A€ZF and up to that time the second player has picked no point of 4. Otherwise
the second player wins.

Let Z(F) denote the family of all truncated subsystems of %.

We say that the function f=f(%): #X25x25>S (where #=2(%#) and
S=S(F)) is a universal strategy of the second player on (¥, R(F)) if for each
increasing sequence {3#;}; (where #,S #,E ... are clements of Z(#)):

yi = f0, {xe, o xih {y1s s VietDESCEINAX15 o5 Xis V1» -5 Vio1}
S('%i)\{xla v xi! yla --~9yi—1} = 0-
Here x,, X,, ... denote the first player’s points.
We say that a truncated subsystem J# of & is of type (v, p) if every AcF

meets at most v edges of 5 and for all B€# there are at most u edges of & having
at least two common points with B.

if

Lemma 2. The second player has such a universal strategy fo=f3(F) on (¥, R(F))
that, if v=m®", p<2m'-1 gnd m=128, then the second player wins by f; in the
games G(F, {#:};, m), where {#;), is extended over all possible increasing se-
quences of R(F) of type (v, p).

Proof. Suppose that the first player picked x,€ S(o#,). Let #,={By, B,, ..., B;}.
We define a partition %, of S(#,) as follows: #B,={B}, B;, ..., B} where B}=

-1
—BN)U B,. For each Bic#, let #,={ANB}: AcF and |ANB}|z[m"]),
i=1

where [B] denotes the integer part of the real number f. If x,€ B} then the second
player chooses yy=/f3(F ;, {x,}, 9), where f; is defined in the Corollary of Lemma 1.
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Now assume in general that the first and the second player previously picked
the points x,, ..., x; and y, ..., y;_y, respectively, and the partition %;_, and the
hypergraphs & ; for |=j=[#,_;| are defined. Let #\H,_;={B;: [#i_i|<
<j=|#;|}. We define the partition %; of S(#)\S(;_,) and the hypergraphs
F; for |#;_;|<j=|#;| as follows:

j-1

B;={B}: |#;_|<j=|#|} where B;=B U B,
iZ1

F;={ANB}: AcF and |ANB}| = [m"]}.
Here is the desired universal strategy: if x,€ B}, then the second player chooses

Vi = fa(F;, {x0, s xJNBY, {y1s ooy Yica} OV B)).

It is easy to see that the definition of y; is sound. We shall prove that, if the second
player uses the universal strategy defined just now, moreover, y=m®7?, p<2m1-1
and m=128, then the second player wins the game G(&F, {#};, m), where {#},
is an arbitrary (v, u)-type increasing sequence of #(%). This means that for all
ACH either the first player cannot cover m points of 4 or the set of the second
player’s points meets A4.

Since for every B¢\ #; there ate less than 2"V"1-1 edges of % having at

least [mY]=2 common points with B ([mY]=2 if m=128 and p<2"1-1),
therefore |#;|<20"/1=1 for all j. Applying Corollary we obtain that for every
Ce#; cither the first player cannot cover [m/?] points of C or the second player
can pick at least one point of C. Lemma 2 follows from this, since every edge of #
meets at most v edges of | #; and v=m*", |

Lemma 3. Given a hypergraph # and a real number «, 1/2<a=1, consider the
Jollowing 2-player combinatorial game G(F, «). The players alternately pick previously
unpicked points of S(F) and the second player wins if he can cover at least o|A| points
of some ACF. Otherwise the first player wins. If

2 e <1, where c, =201 —0)'"
A€¥F

then the first player has a winning strategy in the game G(F, ).

Proof. The proof will be quite similar to the proof of Lemma 1, but we shall use
different valuation method. Suppose that the first and the second players previously
picked xy, ..., x; and yy, ..., »;, respectively, and we wish to choose a good point
for the first player. Now we give each edge A€F a value ¢;(4) which is equal to

(1 @) AN 27l =ald] (] — )1 AN xss s 23] = (A=) 4]
where p=2x—1. We give each point x€ S(#) a value ¢;(x), where

@i(x) = 2 @;(4).
A:xEAcF

Finally, let
o= 2 @:i(A).
AcF
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Here is the desired winning strategy of the first player: in the (i+1)-st move pick
a point of largest value. We claim ¢, ;=¢;. Indeed, observe that

@is1 = 0;— 10;(X; 1)+ 10 (V1) = @5,
since @;(x;4,) was a maximum. This implies @;=¢, for all i. By the hypothesis

of the lemma
Py = 2 (l+y)"“|"|(l _'u)—(l—a)[Al — 2’ c;"" <1,
ACF AeF
therefore ¢,<1 for all 7.
Now, assume that the second player can cover at least «|4| points of some
A€%. From this it follows that 1=g;(4d)=¢; for a large enough i. Hence, our
indirect assumption leads to contradiction. ||

4. A Lemma on arithmetic progressions

Lemma 4. Let us be given k (k=13%) arithmetic progressions Py, ..., Py of length n
having the property that for every two progressions P;, P; either P,(\P;=0 or P
and P; have distinct differences. Then one can select a subsequence Py, P, ..., P;

iy
4
where t=[kY%), such that lU Pj|=tn—n.
i=1

Proof. Let d; denote the difference of P;, i=1, ..., k. We may assume that d,=
=d,=...=d,.
We start with the following simple observation:
. 1 2n . .
“.D if di=d;= 1+T d;. then |P,NP =7 (i ).
Indeed, if d;=d;, then by the hypothesis of the lemma P;\P;=0, so we may
assume d;<d; and P;(\P;#0. Let D denote the difference of the arithmetic pro-
gression P;(P;. Since d; and d; are divisors of D, so D can be written in the forms:
D=pd,=qd;. From this follows
di _p _ 1
2n

therefore ¢=/. Now we are ready, since [PiﬂPj|<7.

For notational convenience let r=[k"].
We distinguish two cases according to as @ is less than f or greater than
or equal to f, where

{j:digdj§(1+ti2]di}|.

¢ = max
t

Case 1. Q <t.
In this case we get for all i and j (1=i<j=k/t):

1 i—i
d, > (“’TZ] dy.
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From this follows |P;a\P;s|=nlk, where l=i<j=k/t*, since

djs 1 !
1 - i J— 3 =
2. >(1+z_2) :(H-t—z) >3=k if r=13.

Therefore we have

t
J Py| = tn—[é)% =>tn—n.
i=1

Case 2. Q=t.

This means that there is a suffix / such that

1
di § di+1 é.--é di-i—tvl é (1'{’2_2] di’

By (4.1) we get

2n L . .
IPj‘ij3I<t_2’ i=j<j,=itr-1,
therefore
i+1—1 t 2
jL=Ji Pl = z‘n—[z]—t;i = th—n,

which was to be proved. |

5. Proof of Theorem 2

We start with the upper bound on W™(n). We shall explicitly prove that
W*(n)=n32"4

Let 2 (N, n) be the set of the arithmetic progressions of length # in the in-
terval {1,2,..., N}. A simple computation shows that

N2
|2 (N, n)| > =D

It is easy to see that at most [2] arithmetic progressions of length » can contain

two given integers, therefore dg(g’ (N, n))é(g]. Let N=n?2""% then

NE "_3(71]
=2 L)Y

so we may apply Theorem 1, which implies W*(n)=n?2""1
Now we turn to the lower bound of w *(n). Let d(P) denote the difference
of the arithmetic progression P. Let #=%(N,n) denote the set of arithmetic

progressions having the form {q, a+d, ..., a+{(n—1)d}, where a=1,a+(n—1)d=N
and

5.1 2[n"% is a divisor of [%]
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. We §hall prove that the second player has a winning strategy in the game
G(#?)=G(#(N,n)), where n is large enough and N =27-5"% From this

liminf Y W*(n)=2 directly follows, since every arithmetic progression of length
n+2[n"®] in the interval {l,2, ..., N} contains an element of 2.

For a later purpose observe that:

52 if Py, P,, ..., P, are different elements of P such that d(P)=d(P,)=...=d(P,)
G2 gna PiNP,=0 for all i, then r<[n'®].

Indeed, (5.2) is an easy consequence of (5.1). 5

Say that the subset {Py, ..., P,}C 2P is connected by PEPN\{Py, P,, ..., P;}
if the sets PNP;,i=1,2,...,1 are non-empty. For notational convenience let
t=[n'%]. Let
4
U P

i=1

S 1 .
2=39(N,n) = { U P;: P2, =itn and {Py, Py, ..., P} is connected}.
i=1

Assume that 7 is large enough and N=[2"-5""*]. Now we define the desired
winning strategy of the second player in G(é’) by recursion.

Let r(0)=b0)=0, So=S(2) and P,=%,=0. Let r=r(i—1) and
b=b(i—1), and suppose that we have defined the sequences {x,...,x,} and
{»1, ..., ».} of red points; {v,, ..., v,} and {zy, ..., z,} of blue points, the hypergraphs
.?70, ...,9.", and %, ..., 9., and the sets S,,...,S,. We distinguish two cases.

Case 1. The first player’s i-th point is in S,. Then let r(i)=r+1,b(i)=b
and x,,,€S, be the i-th move of the first. Put

P = {P\{x1s s X} Pe?, PN{y1, ..., ¥} = 0},
Gy = {AEP, 12 || = [2"F]},
Ser1= SANSE,.1),
Veer = [ilSrats (%15 coos Xegahs W15 s VeES 11
and let the second player’s response be y,.,.

Case 2. The first player’s i-th point is not in S,. Then let »(i)=r, b(i)=b+1,
Vp41€S(9,) be the i-th move of the first player. Put

Zpt1 :f-:i(gra {Ula LR Ub+1}7 {219 ey Zb})

and let the second player’s move be z,,,. The construction of the strategy
is completed.

By definition %, is a truncated subsystem of &, therefore in order to prove
that the construction above is sound it remains to check that 4,5%,,, and S,2
= S,... But this is clear, since

Gor=GU{PEP,: |P|=[WF1+], 3,4 P’ and x,.,€P"),
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consequently
S, =SON\S(@) 2 S;11 = SONS &+,
which was to be checked.
For a later purpose we remark that {x;.q,y}cS;.

Let x4,..,x, and yy,...,y, be the red points; vy, ..., 7, and zy, ..., Z,
be the blue points.
9,C9,., implies |PN{x,, ..., x,}|=n—[n""] for all PCP, therefore in order to
check that the second player wins the game G(2) it suffices to prove that &, is a
truncated subsystem of type (v, u) of 2, where v=[n*!] and p<2"'1-1, Indeed,
restricting to the blue points, the players are playing the game G(2, {#):, [N,
where #;=%,;, therefore Lemma 2 implies that under the conditions v=[m"
and  p<2"1-1 where m=[n"®], either |PN{py, ..., v,}|<[7"®] or
PNz, ..., z,)#0 for all Pc. In the first case

]Pn({xl’ tete xp}U{Ul3 Mt Dq})l = (n_[n7/8])+[n7/8] =n,

that is, the first player is unable to cover P. In the other case the second player
can pick a point of P, therefore the first player is again unable to cover P.
Let 2* be an arbitrary family of arithmetic progressions of length n, then

dy (PN = [g], i.e. there are at most (’21] elements of #* containing two given in-
2
tegers. From this follows that for every P€Z2* there are at most ;) elements of

2 2
P* having at least two common points with P, therefore p= [g] . Clearly [g) <
<20VI-1 if y is large enough, thus pu<20"/*1-1 is checked.

Now suppose that v=[r**] is not true. Then we can choose Pyc? and
Ay, ..., A€%, for v=r** such that P, 4,8, i=1,...,v. By the construction

of ¢, there are arithmetic progressions P, ..., P,€# of length n such that 4;=

=P\ {x1, Xz, ..., X}, i=1, ..., v. By (5.2) we can choose a subset {P;, Py, ..., P.},

k=n?—18=p5% having the following property for every 1=f<y=k: either

d(P,)#d(P;) or P,MP, =0. Applying Lemma 4 to {P;, P, ..., P,} we ob-
t

tain a subsystem P;,P;,, ..., P;, t=[n*¥] such that ||J P;|=tm—n. Observe
i=1

J12

t .
that {P;,...,P;} is connected by P,, therefore R*=[) P;€2. Since
i=1
P\ Xz, ooy X, = 1A, =07, we got
t
[R*M {xy, ..., x,}l = [R¥| — %le,\{xl, o X =
= (tn—n)—[rY®][n"®) = th —2n.

Summarising,

there exists R*¢ 3 such thar R*N{y,, s ¥py=9 and |[R*N{xy, ..., x,}|=
Zin—2n.

.3)
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On the other hand, we claim |Z|<2®-22-1 Indeed, assuming that every
- . = = (D .
element of & meets at most D other, we obtain lglélg’l[t]. A simple
argument shows |[#|=|#(N,n)|=N? and D=n®N, therefore by an easy com-
putation we get

13| = N2 [H;N] < 2e-m-1

if N=2"-5""* and n is large enough.

Since {x;1;, »:}C S; and S;2.;.,, therefore on the red points the players
fulfill the rules of the game G(Z, {S:};, tn—2n). The second player selects his red
points by the universal strategy f;=f,(2) and |2|<2"—2"-1 thus Lemma 1

yields for all Red either RO {xy, ..., x,}l<tn—2n or RN {y,, ..., y,}#0, which
contradicts to (5.3). Hence v=(n**] 1s checked. This completes the proof of
Theorem 2. |}

6. Proof of Theorem 3

First we prove the upper bound in (1.5). Let N be an N-element set and let
K% d.note the complete hypergraph consisting of all k-tuples of N. For every n-
element subset HCN let Kf ,; denote the family of all k-tuples of H and let

H (N, n)={Kky: HC N and |H| = n}.
We shall prove that the first player has a winning strategy in G(J, (N, n)) if
Nzn"“z(")—a. Observe that the number of points of (N, n) is equal to 1/\{[ ,
N .
ie. S(AL(N, n))=[k]. The [ZJ-uniform hypergraph 2, (N, n) has cardinality

[1’\;] Since the union of two different k-tuples has cardinality at least k+1, thus

weE gﬁt
N—k—1
dg(%k(N, n)) = (n_k__]].

Therefore, by Theorem 1 it suffices to check that
n A -
(%) SOV () e e,

But it is only a trivial computation, thus the upper bound in (i.5) is proved.

Finally we prove the upper bound in (1.4). Let us given an arbitrary small,
but fixed 6=0. Let K} denote the complete graph of N vertices. We shall explicitly
prove that, if NV is so large that

N 1 e
log N : [7_5]

W

2|
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holds, then the first player can select every edge of a complete subgraph of # ver-
tices in K%.

We need some notation. Given a graph ¢, let S(%) denote the set of its
vertices. If HcC S(¥), then %y denotes the subgraph induced by H. Let d.(%)
and d(%) denote the degree of x in ¢ and the maximum degree of ¥, respectively.

Let A 9=247(N,n) denote the set of complete subgraphs K2, where H
is extended over all subsets of S(K%) having cardinality at least #, (¢, will be fixed
later). Using the inequality

200 —1)?
20 (1 —a)* = 1+(<1_2)_
we get
5 SN0t
Eex} =g\ 1
146 4 0
where o= and f,= 5 log N|. So we can apply Lemma 3 to X473, therefore

the first player has a winning strategy in the game G(X¢, «).

Now consider a concrete Ramsey game on K%, in which the first player is
playing by the winning strategy mentioned above in G(A§, «). In the game the
first player wins, therefore

for all Hc S(KE) having cardinality at least t,, where GC K2 denotes the set
of edges selected by the first player during the game. Our aim is to show that the
graph ¢ contains a complete subgraph of n vertices. To prove it we shall apply the
well-known “ramification method”. From (6.1)

S

d(@y) = TH] 5

if |H|=t,, since f,=8"1 Let N be so large that the inequality

=

logN =~ &

N _ 4 [ 1 ]“"“
2
. 1
is true. Let x, be a vertex of % having maximum degree. By (6.2) d,, (@)3[5—5] N.

Let %, be the subgraph induced by the neighborhood of x,. Let x, be a vertex of
%, having maximum degree. By (6.2)

d. (@)= (-;;——5) d. (%) = (%—5)23\?.

Continuing this manner we obtain vertices x,, ..., x,_, and subgraphs %,, ..., %,_,
having the following properties:

2
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a) x; is a vertex of ¥,_; having maximum degree;
b) ¥ is the subgraph of % _, induced by the neighborhood of x;;

¢) d, (%)= (%—5]1 N.
Let x, be an arbitrary vertex of %, , (%,_, is non-empty, since dy,_ (%, )=
=IS(g,._z)Ié(%—é]n_lN>0), then {x;, X,, ..., X,} induces a complete n-graph
of . This completes the proof of Theorem 3. [
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